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We study the evolution of qubit-environment entanglement, quantified using Negativity, for NV-
center spin qubits interacting with an environment of 13C isotope partially polarized nuclear spins
in the diamond lattice. We compare it with the evolution of the Fidelity of environmental states
conditional on the pointer states of the qubit, which can serve as a tool to distinguish between
entangling and non-entangling decoherence in pure-dephasing scenarios. The two quantities show
remarkable agreement during the evolution in a wide range of system parameters, leading to the
conclusion that the amount of entanglement generated between the qubit and the environment is
proportional to the trace that the joint evolution leaves in the environment.
I. INTRODUCTION
The study of system-environment or even qubit-
environment entanglement is seriously limited due to
large sizes of the studied environments, which translates
into few entanglement measures being available on the
level of density matrix considerations. This would not
be a problem if the joint system-environment state would
be pure, but in most realistic scenarios the initial state
of the environment is far from pure except for extremely
low temperatures. In fact, the only measure which can
serve to quantify entanglement between two systems of
any size which can be calculated directly from the joint
density matrix is Negativity [1, 2] (or closely related log-
arithmic Negativity [3]), which nevertheless requires di-
agonalization of a matrix of the same size as the joint
systems’ Hilbert space. Negativity has its limitations,
since there exist entangled states which are not detected
by it [4, 5], but it is the best available tool if the two po-
tentially entangled systems are larger than a qubit and a
qutrit and the purity of the system is less than one. All
other measures require some form of minimization over
possible representations of the states in different bases,
which becomes highly cumbersome with growing system
size [6–10].
Recently, relatively straightforward methods for de-
tecting system-environment [11] and qubit-environment
[12] entanglement have been found for a scenario lim-
iting the type of Hamiltonians that drive the system-
environment interaction. The type of Hamiltonians un-
der study leads to pure dephasing of the system/qubit
when the environment is traced out (it cannot cause tran-
sitions between a set of system pointer states [13, 14]
which is singled out by the interaction itself). This
may seem like a large loss of generality, but said type
of system-environment interactions are abundant, espe-
cially in solid state scenarios [15–29], but also for trapped
ions [30, 31].
The problem of the method is that it does not quantify
the amount of entanglement, instead answering the ques-
tion if system-environment entanglement is present at a
given time after initialization of the system/qubit in a
pure state. As there are no limitations on the initial state
of the environment, which is likely to be mixed, the whole
system is initially impure, and pure dephasing can occur
either while being accompanied by entanglement genera-
tion or due to completely separable system-environemnt
evolutions [11, 12, 32–34]. This is in stark contrast to
pure state system-environment evolutions, for which pure
dephasing is irrefutably linked with the buildup of en-
tanglement with the environment [14, 35]. The results
of Refs [11, 12] show that system-environment entan-
glement leaves a detectable trace on the environment,
while it is impossible to determine entangling from non-
entangling evolutions by straightforward measurements
of system pure dephasing. More involved schemes for
the detection of qubit-environment entanglement by op-
erations and measurements on only the qubit subsystem
have been recently proposed [36]. Both, detection of en-
tanglement by measurement only on the environment and
detection of entanglement via operations on the qubit are
possible because the problem is restricted to a special
class of Hamiltonians, hence there is no contradiction
with the popular theorem on the impossibility of local
detection of entanglement.
The evolution of a qubit and its environment is not
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2accompanied by entanglement generation if and only if
the evolution of the states of the environment conditional
on the pointer states of the qubit is the same at all times
(if this occurs only at isolated points of time, then there
is no entanglement only at these times) [12],
Rˆ00(t) = Rˆ11(t), (1)
where said conditional states are denoted by Rˆii(t), with
i = 0, 1, and they correspond to the state the environ-
ment would be in at time t if the qubit were initialized in
pointer state |i〉 at the initial time. Hence if the qubit is
initialized in a superposition state a|0〉 + b|1〉, the state
of the environment at time t, obtained by tracing out the
qubit from the full qubit-environment density matrix, is
given by
Rˆ(t) = |a|2Rˆ00(t) + |b|2Rˆ11(t). (2)
In case there is no qubit-environment entanglement, this
state is the same regardless on the initial qubit superpo-
sition and is equal to the state the environment would
evolve to under the influence of the qubit in one of its
pointer states. When there is entanglement generated
with the environment, the situation is qualitatively dif-
ferent, and the state of the environment depends on
the probability of finding the qubit in either pointer
state. Therefore we can talk about a trace left by joint
qubit-environment evolution on the environment which
is present only for entangling evolutions.
Here, we make a first step towards a measure of
qubit-environment entanglement, designed to quantify
the amount of entanglement generating during evolutions
of pure dephasing type. To this end, we test if the mag-
nitude of the trace left by entangling evolutions on the
state of the environment is proportional to the amount
of actual entanglement generated on a realistically mod-
eled NV-center in diamond spin qubit interacting with a
nuclear spin environment [29]. The choice of test system
is based both on its experimental relevance [37–42] and
on the wide variety of test scenarios it gives. As the NV-
center has effectively spin S = 1, the spin states form a
qutrit, but the uneven level spacing between the differ-
ent spin states allows for any two levels out of three to
be singled out as the qubit under study. Furthermore,
this type of spin qubits interact strongly only with nu-
clei of spinful carbon isotopes 13C, which are few within
the diamond crystal lattice, and both their number and
locations vary, which leads to different evolutions. The
whole qubit-environment Hilbert space is therefore small
enough to allow for effective diagonalization of matrices
within it, which is necessary to find the evolution of Neg-
ativity.
We test a number of qubit-environment evolutions
driven by different interaction Hamiltonians, all within
the NV-center spin qubit model with five relevant envi-
ronment nuclei. We find a remarkable agreement between
the time-evolution of the entanglement measure Negativ-
ity and the Fidelity between the states of the environment
conditional on the qubit pointer states (the difference
between the two conditional environmental states serves
to test for qubit-environment entanglement in Ref. [12]).
Furthermore we find that this agreement is also present
for evolutions which cannot be detected by the qubit-
based scheme of Ref. [36]. We conjecture that the effect
is of more general nature and that said Fidelity could be
the basis of an entanglement measure designed specifi-
cally for pure dephasing evolutions.
The paper is organized as follows. We introduce the
NV center qubit and its environment in Sec. II. In Sec. III
we provide the definitions necessary to calculate qubit-
environment Negativity. In Sec. IV we discuss the corre-
lation between entanglement generation in pure dephas-
ing scenarios and the difference between conditional evo-
lution of the environment and use the Fidelity to quantify
the difference. Results obtained for realistically modeled
spin qubits with randomly chosen environments are pre-
sented and discussed in Sec. V, while Sec. VI contains
concluding remarks.
II. NV CENTER INTERACTING WITH A
PARTIALLY POLARIZED NUCLEAR
ENVIRONMENT
Our test system consists of a spin qubit defined on an
NV center in diamond interacting with an environment of
nuclear spins of the spinful carbon isotope, 13C. As most
of the diamond crystal lattice consists of spinless carbon
nuclei, the relevant atoms of the environment (for deco-
herence) are few and randomly located. This is of use
for testing of the correlation between generated entan-
glement and the magnitude of the trace that entangling
evolutions leave on the conditional states of the environ-
ment (how strongly the conditional states of the envi-
ronment are affected by entangling evolution), since the
resulting system-environment evolutions vary depending
on the choice of qubit as well as depending on the lo-
cations of the relevant carbon isotope atoms and their
number.
The low energy states of the center constitute an ef-
fective electronic spin S = 1, so we are dealing with a
qutrit defined on the m = −1, 0 and 1 levels, subse-
quently labeled as |−1〉, |0〉 and |1〉. This is subjected to
a zero-field splitting ∆(Sz)2, with the direction of z axis
determined by the geometry of the center, so the presence
of a magnetic field along the z axis leads to a splitting
of the ms = ±1 levels and an uneven level spacing be-
tween them. This allows for any two-level subspace to be
used as a qubit controlled by microwave electromagnetic
fields. We choose two out of the three possible qubits for
our study, one is the most widely employed qubit based
on the m = 0 and 1 levels, and the other is based on the
m = −1 and 1 levels.
The large value of the zero-field splitting, ∆ = 2.87
GHz and a large ratio of electronic and nuclear gyro-
magnetic factors lead to the suppression of transitions
3between the qutrit states mediated by the environment,
hence the system can be described as one which under-
goes only pure dephasing type of interaction [43]. Addi-
tionally, the |0〉 state is decoupled from the environment,
so the qutrit-environment Hamiltonian is of the form
Hˆ = (∆ + γeBz)| − 1〉〈−1|+ (∆− γeBz)|1〉〈1|+ HˆE
−| − 1〉〈−1| ⊗ Vˆ + |1〉〈1| ⊗ Vˆ . (3)
The first two terms in the Hamiltonian describe the free
evolution of the qutrit. The energy of states | ± 1〉 de-
pend on the zero-field splitting symmetrically and asym-
metrically on a magnetic-field-dependent term, where
γe = 28.08 MHz/T is the electron gyromagnetic ratio.
This part of the Hamiltonian commutes with all other
terms in eq. (3) and the resulting evolution can therefore
be eliminated from the joint system-environment evo-
lution via a unitary operation performed solely on the
qutrit (by moving to a rotation frame with respect to the
qubit). The consequence of this is that it has no bear-
ing on either the generation of entanglement or on its
magnitude. It will also play no part in the conditional
evolution of the environment.
The second term in the Hamiltonian describes the free
evolution of environmental spins,
HˆE =
∑
k
γnBz Iˆ
z
k , (4)
where k labels the spins, γn = 10.71 MHz/T is the gy-
romagnetic ratio for 13C nuclei, Iˆzk is the operator of
the z component of nuclear spin k. A term describing
the internuclear magnetic dipolar interactions has been
omitted, since the free evolution decoherence process oc-
curs on much shorter timescales than said interactions (in
contrast to coherence observed in spin echo experiment
[29, 43]).
The last term in eq. (3) describes the hyperfine inter-
action between the spin qubit and its nuclear spin envi-
ronment. It is given by
Vˆ =
∑
k
∑
j∈(x,y,z)
Az,jk Iˆ
j
k . (5)
If we omit the Fermi contact interaction [44] which is re-
lated to the non-zero probability of finding an electron
bound to the NV center on the location of a given nu-
cleus, and only take the dipolar coupling into account,
the coupling constants present in eq. (5) are given by
Az,jk =
µ0
4pi
γeγn
r3k
(
1− 3(rk · jˆ)(rk · zˆ)
r2k
)
. (6)
Here, µ0 is the magnetic permeability of the vacuum, rk
is a displacement vector between the k-th nucleus and
the qubit and jˆ = xˆ, yˆ, zˆ denote versors corresponding to
three distinct directions.
Note that the free evolution of the environment and the
interaction term do not commute for non-zero magnetic
fields, therefore the free evolution cannot be eliminated
via a local unitary transformation and can take part in
the generation of qubit-environment entanglement, re-
gardless of the qubit of choice. Hence, the evolution op-
erator for the qutrit and the environment (without the
irrelevant free evolution of the qutrit) is given by
Uˆ(t) =
1∑
m=−1
|m〉〈m| ⊗ wˆm(t), (7)
with
wˆ−1(t) = e−
i
~ (HˆE−Vˆ )t, (8a)
wˆ0(t) = e
− i~ HˆEt, (8b)
wˆ1(t) = e
− i~ (HˆE+Vˆ )t. (8c)
In the following we will be considering an initial state
which is a product of a pure state of the qutrit within
one of the two chosen qubit subspaces, |ψ〉 = a|0〉+ b|1〉
or |ψ〉 = a| − 1〉+ b|1〉, and a partially polarized state of
the nuclear environment, Rˆ(0), (which is mixed),
σˆ(0) = |ψ〉〈ψ| ⊗ Rˆ(0). (9)
The Hamiltonian (3) does not contain any terms which
allow for transitions between different qutrit pointer
states |m〉, so the effectively the evolution of such an
initial state is governed only by the term in the Hamilto-
nian which contain the relevant qubit states, so either
|0〉 and |1〉 or | − 1〉 and |1〉. We assume that Rˆ(0)
does not contain any correlations between the nuclei, so
Rˆ(0) =
⊗
k ρˆk, where ρˆk is the density matrix of k-th
nucleus, given in the case of spin-1/2 nuclei by
ρˆk =
1
2
(1+ 2pk Iˆ
z
k), (10)
where pk∈ [−1, 1] is the polarization of the k-th nucleus.
Without dynamic nuclear polarization, pk = 0 for all k,
the density operator of the environment at low fields is
Rˆ(0) ∝ 1, and according to the results of Ref. [12] no
qubit environment entanglement would form throughout
the evolution. Since such nuclear polarization of the en-
vironment for an NV center has been recently mastered
[45–53], the assumption of the specially prepared initial
state of the environment is reasonable. In the following
we will assume that the polarizations of each environ-
mental nucleus are the same, so pk = p for all k.
Since both the initial state and the evolution oper-
ator are known, we can write the time-evolved qubit-
environment density matrix in the form
σ˜(t) =
( |a|2Rˆnn(t) ab∗Rˆn1(t)
a∗bRˆ1n(t) |b|2Rˆ11(t)
)
, (11)
with n = −1, 0 depending on the choice of the qubit.
Here the environmental operators Rˆij(t) are given by
Rˆij(t) = wˆi(t)Rˆ(0)wˆ
†
j(t). (12)
4III. NEGATIVITY - AN ENTANGLEMENT
MEASURE APPLICATIVE FOR LARGE
BIPARTITE SYSTEMS
For large bipartite systems, such as the studied here
qubit and environment (where the latter is larger), the
choice of entanglement measures which can be computed
is very limited. It comes down in fact practically to the
choice between Negavitity [1, 2] or logarithmic Negativ-
ity [3]. Both measures are closely related and are based
on the positive partial transpose (PPT) criterion of sep-
arability [54, 55]. The criterion and therefore also the
measures do not detect a certain type of entangled states
called bound entangled states [4, 5], but in the studied
scenario, namely in the case of an initially pure-state
qubit, bound entanglement never forms [12, 56]. There-
fore in what follows, Negativity (and logarithmic Nega-
tivity) signifies separability if and only if the joint qubit
and environment state is really separable.
In what follows, we choose to employ plain Negativity.
It is defined as the absolute sum of the negative eigen-
values of the density matrix of the whole system after a
partial transposition with respect to one of the two po-
tentially entangled subsystems and can be written as
N(σˆ) =
∑
i
|λi| − λi
2
, (13)
where λi denote all eigenvalues of the density matrix after
partial transposition, σˆΓA . Obviously the positive eigen-
values cancel out in eq. (13) while only negative eigenval-
ues are left. Negativity does not depend on the system
with respect to which partial transposition is performed,
A = Q,E.
We calculate negativity at each instance of time by
first performing partial transposition with respect to the
qubit on the time-evolved qubit-environment density ma-
trix (11),
σ˜ΓQ(t) =
( |a|2Rˆnn(t) a∗bRˆ1n(t)
ab∗Rˆn1(t) |b|2Rˆ11(t)
)
, (14)
and then finding the eigevalues of the matrix obtained in
this way.
IV. FIDELITY OF CONDITIONAL
ENVIRONMENTAL STATES
As shown in Refs [11, 12], the if and only if criterion of
separability for pure-dephasing qubit-environment evolu-
tions at time t can be written as
Rˆnn(t) = Rˆ11(t), (15)
where the density matrices of the environment condi-
tional on the qubit being in either of its pointer states is
given by eq. (12). This means that there is no entangle-
ment between the qubit and the environment at time t,
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FIG. 1. Evolution of qubit-environment Negativity (red
dashed lines) and one-minus-Fidelity between conditional en-
vironmental states (blue solid lines) for a qubit defined on
m = 0 and m = 1 spin states and five environmental spins
at random locations as a function of time for zero magnetic
field and different initial polarizations of the environment: (a)
p = 0.1, (b) p = 0.4, (c) p = 0.7, (d) p = 1.
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FIG. 2. Evolution of qubit-environment Negativity (red
dashed lines) and one-minus-Fidelity between conditional en-
vironmental states (blue solid lines) for a qubit defined on
m = 0 and m = 1 spin states and five environmental spins at
random locations as a function of time for Bz = 0.2 T and
different initial polarizations of the environment: (a) p = 0.1,
(b) p = 0.4, (c) p = 0.7, (d) p = 1.
for an initial state that involves a pure state superposi-
tion in the qubit subspace, if and only if the environment
would be in the same state at time t if the qubit would
have been initialized in either of its pointer states.
We conjecture that the degree of how different the two
conditional density matrices are, is proportional to the
amount of entanglement generated throughout the evo-
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FIG. 3. Evolution of qubit-environment Negativity (red
dashed lines) and one-minus-Fidelity between conditional en-
vironmental states (blue solid lines) for a qubit defined on
m = −1 and m = 1 spin states and five environmental spins
at random locations as a function of time for zero magnetic
field and different initial polarizations of the environment: (a)
p = 0.1, (b) p = 0.4, (c) p = 0.7, (d) p = 1.
lution. To quantify this difference we will use the Fidelity
between Rˆnn(t) and Rˆ11(t), which yields a number be-
tween zero and one, one meaning that the states are the
same and zero that they have orthogonal supports. The
definition of Fidelity for two arbitrary density matrices
(of the same dimensionality) Rˆnn and Rˆ11 is
F (Rˆnn, Rˆ11) =
[
Tr
(√√
RˆnnRˆ11
√
Rˆnn
)]2
. (16)
V. RESULTS
In the following we compare the evolution of Negativity
between one of the two chosen qubits and the environ-
ment and one minus the Fidelity between the conditional
states of the environment, 1 − F (Rˆnn(t), Rˆ11(t)), where
n = −1, 0 is specified by the choice of qubit. As the aim
here is to study exemplary evolutions of the type as can
be found in NV-center qubits interacting with a nuclear
environment, we use the same randomly chosen realiza-
tion of the spin environment in all plots. They correspond
to an environment composed of five 13C isotopes (nuclear
spin 1/2) for which their randomly generated spacial ar-
rangement determines the coupling constants (6).
The evolution of Negativity between them = 0, 1 qubit
and an environment is plotted for Bz = 0 and Bz = 0.2 T
in Figs 1 and 2, respectively, using dashed red lines. For
the m = −1, 1 qubit analogous plots are found in Fig. 3
for Bz = 0 and in Fig. 4 for Bz = 0.2 T. Analogously,
the evolution of the one-minus-Fidelity between the con-
ditional states of the environment, 1−F (Rˆnn(t), Rˆ11(t)),
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FIG. 4. Evolution of qubit-environment Negativity (red
dashed lines) and one-minus-Fidelity between conditional en-
vironmental states (blue solid lines) for a qubit defined on
m = −1 and m = 1 spin states and five environmental spins
at random locations as a function of time for Bz = 0.2 T and
different initial polarizations of the environment: (a) p = 0.1,
(b) p = 0.4, (c) p = 0.7, (d) p = 1.
is plotted in the same figures using solid blue lines, with
n = 0 for Figs 1 and 2 and with n = −1 for Figs 3 and 4.
The panels (a), (b), (c), and (d) in all plots correspond to
growing initial polarization of the environment, with the
most mixed environment (corresponding to p = 1, so not
maximally mixed) in panels (a) and fully polarized envi-
ronments in panels (d). All of the figures contain results
for an initial equal superposition qubit state (the initial
phase between the components of this superposition is
irrelevant).
As should be expected [12], for a completely mixed en-
vironment, p = 0, qubit decoherence is not accompanied
by the generation of entanglement regardless of the type
of interaction with environment, since the initial density
matrix of the environment is proportional to unity and
commutes with any possible environmental evolution op-
erators [12]. This does not mean that the qubit does not
experience decoherence and, in fact, the qubit becomes
dephased during the evolution in all four of the studied
situations with not polarized initial states of the environ-
ment.
For partially and fully polarized initial environmental
states, generation of entanglement is observed regardless
of the variant of the Hamiltonian under study. This has
been predicted for them = 0, 1 qubit whenBz 6= 0, which
has been used to exemplify the scheme for detection of
qubit-environment entanglement via operations only on
the qubit subsystem [36]. The procedure described there
could also be used to predict the generation of qubit-
environment entanglement for the m = −1, 1 qubit and
Bz 6= 0. This is because the condition for the proce-
dure described in Ref. [36] to be able to detect qubit-
6environment entanglement is for the evolution operators
on the environment conditional on the pointer state of
the qubit (8) not to commute, so
[wˆn(t), wˆ1(t)] 6= 0, (17)
with n = −1, 0 depending on the choice of qubit. This
condition is met for Bz 6= 0, but not for Bz = 0 when
wˆ−1(t) = wˆ
†
1(t) and wˆ0(t) = I.
More interestingly, the evolution of the quantity 1 −
F (Rˆnn(t), Rˆ11(t)) which determines how different the two
conditional states of the environment are at time t, re-
sembles the evolution of the Negativity very closely. In
fact, 1−F (Rˆnn(t), Rˆ11(t)) grows when Negativity grows,
decreases when Negativity decreases, and remains con-
stant when Negativity remains constant. To exemplify
this, we plot the time-derivatives of both Negativity and
one-minus-Fidelity corresponding to the evolutions in
Fig. 1 in Fig. 5. It can be seen that the derivatives of
both quantities are positive, negative, and equal to zero
at the same segments or points of time.
Since this is the case in all four situations studied,
which although they correspond to one physical sce-
nario differ quite extensively, containing an asymmetric
system-environment coupling (the m = 0, 1 qubit) with
(Bz = 0) and without (Bz 6= 0) commuting environ-
mental and interaction parts of the Hamiltonian, as well
as a coupling which is not asymmetric (the m = −1, 1
qubit) again in two variants as pertains the commuta-
tion of parts of the Hamiltonian, it is reasonable to as-
sume that the close resemblance of the Negativity and
one-minus-Fidelity evolutions is not accidental.
VI. CONCLUSION
We have studied four variations of an NV-center spin
qubit interacting with an environment of a few nuclear
spins, which in all cases leads to pure dephasing of the
qubit. The variations are obtained by the choice of
qubit under study (we chose two out of three possible
qubits) which yields different effective interaction Hamil-
tonians and by the application of the magnetic field or
lack thereof. The latter facilitates the transition be-
tween commuting and non-commuting conditional evolu-
tion operators of the environment and is important from
the point of view of detecting this type of entanglement.
We have compared the time-evolution of the amount
of entanglement between the qubit and the environment
with the time-evolution of one minus the Fidelity of the
state of the environment at time t on the qubit pointer
state. In all studied situations the evolution of one-
minus-Fidelity resembled the evolution of Negativity very
closely, to the extent that both quantities were growing
and decreasing in the same time-segments.
We conjecture that the amount of entanglement with
the environment generated during any evolution that
leads to pure dephasing of the qubit for an initial prod-
uct state of a pure qubit and environment is propor-
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FIG. 5. Time-derivative of the evolution of qubit-environment
Negativity (red dashed lines) and one-minus-Fidelity between
conditional environmental states (blue solid lines) for a qubit
defined on m = 0 and m = 1 spin states and five environ-
mental spins at random locations as a function of time for
zero magnetic field and different initial polarizations of the
environment: (a) p = 0.1, (b) p = 0.4, (c) p = 0.7, (d) p = 1.
The figure corresponds to the evolutions in Fig. (1).
tional to one-minus-Fidelity between the states of the en-
vironment conditional on the qubit pointer states. This
would mean that the amount of entanglement generated
between the qubit and the environment is proportional
to the trace that the joint evolution leaves on the envi-
ronment. Hence, although it is not possible to distin-
guish between entangling and nonentangling evolutions
by studying the level of qubit dephasing, it is not only
possible to distinguish them by detecting the difference
in environmental evolution linked to the different pointer
states of the qubit, but it may also be possible to quantify
the amount of entanglement in the qubit-environment
system by studying the magnitude of this difference. We
have shown this to be the case in quantitatively differ-
ent situations which can be realized in NV-center spin
qubits. The advantage is that contrary to other mea-
sures of mixed-state entanglement, here we have a natu-
ral physical interpretation, which in fact is the same as
for the pure state entanglement in pure dephasing sce-
narios (namely, how much the two conditional states of
the environment differ from one another).
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